This paper is concerned with the lifespan estimate of classical solutions with small initial data to the Cauchy problem of semilinear damped wave equations with the Fujita critical exponent. We establish the following sharp upper bound of the lifespan
Introduction
We consider the Cauchy problem of semilinear damped wave equations with Fujita critical power in n dimensions:
   u tt − ∆u + u t = |u| p , (t, x) ∈ [0, T (ε)) × R n , u(0, x) = εf (x), u t (0, x) = εg(x), x ∈ R n ,
where p = 1 + 2 n , n ≥ 4 and ε > 0 is a parameter which represents the smallness of the initial data. We are devoted to establish the lifespan estimate from above in the form T (ε) ≤ exp(Cε − 2 n ), where C is a positive constant independent of ε, then by combining the result about the lifespan estimate from below obtained in Li [7] and Ikeda and Ogawa [3] , we get the sharpness of the lifespan estimate to Cauchy problem (1) .
The study on Cauchy problem (1) with small initial data has a long history.
In 1995, Li and Zhou [5] studied Cauchy problem (1) with p satisfying 1 < p ≤ 1 + 2 n in lower dimensional cases, i.e., n = 1, 2, and established the sharp upper bound of the lifespan in the form
where C = C(n, p, f, g) is a positive constant independent of ε. One year later
Li [7] considered the lower bound of lifespan estimate for Cauchy problem (1) for integer p and n ≥ 1 and obtained the following result by using the global where C = C(n, p, f, g) is a positive constant independent of ε. Then Todorova and Yordanov [9] found that Cauchy problem (1) with small initial data admits a critical power p = 1 + 2 n such that Cauchy problem (1) has global solutions if p > 1 + 2 n , while the solutions blow up in a finite time if 1 < p < 1 + 2 n . It is interesting to see that this critical power is exactly the same as the Fujita critical power for the corresponding semilinear heat equations v t − ∆v = |v| p , see [2] for details. Later, Zhang [11] showed that the solutions also blow up in a finite time when p = 1 + 2 n , by using the test function method. Nishihara [8] studied the 3-D case and established the sharp upper bound of the lifespan estimate. Up to now, the sharp lifespan estimate from above for p = 1 + 2 n in higher dimensional spaces(n ≥ 4) is still open. Both the methods used in [5] and [8] do not work in this case, since their proofs are based on the explicit formula of the solutions and the positivity of the fundamental solution to the wave operator in lower dimensions n = 1, 2, 3. Recently, Ikeda and Ogawa [3] established the lifespan estimate for Cauchy problem (1) for n ≥ 1 in the form exp cε
obviously, there is a gap between the upper and lower bound of the lifespan estimate. 
where C = C(n, f, g) is a positive constant independent of ε.
Remark 1.3. Our method also works for the lower dimensional cases n = 1, 2, 3. The methods used in [5] for n = 1, 2 and [8] for n = 3 include sophisticated analysis for the asymptotic behavior of some special functions, i.e., the modified Bessel function and hyperbolic cosine function.
Heat Kernel
In this section we make a brief introduction to the heat kernel. In the n dimensional case, the heat kernel in R n is given by
Lemma 2.1 (Evans [1] ). For any given time t > 0, the heat kernel satisfies
and
where δ O denotes the Dirac measure on R n , giving unit mass to the original point O.
Lemma 2.2 (Semigroup property).
For any given t, s > 0 and x ∈ R n , the heat kernel E(t, x) satisfies
where * denotes the convolution.
Proof. By direction computation we know the Fourier transformation of
and then we have
which implies (9) in Lemma 2.2.
Proof of the Main Theorem
First the equation in Cauchy problem (1) can be regarded as the heat equation with source term
then by Duhamel's principle and using the fist initial data in (1) we have
By integration by parts and using the second initial data in (1) the last term can be rewritten as
in which we used the second equality of (8) in Lemma 2.1. Plugging (13) into (12) we have
Multiplying the both sides of (14) with 4π(t+1) n 2 E(t+1) and then integrating over R n , we have
in which we used the semigroup property of E(t, x) given in Lemma 2.2.
by Hölder inequality we have
Here and hereafter, C denotes a positive constant which is independent of ε and may change from line to line. As to A(t), a direct computation leads to
with
hence
It is easy to see that 2(t + 1) ≥ 2t + 1 − τ ≥ τ + 1 for 0 ≤ τ ≤ t, then the nonlinear term D(t) can be estimated by
in which we used the definition of F (τ ) given by (16). Therefore, the combination of (15)- (17) and (21) yields
We now estimate the term B(t). By integration by parts and using Lemma
we have

B(t)
= − 4π(t + 1)
There are four terms in B 1 (t):
By (18) and (20) it is easy to get
The other two terms B 13 and B 14 are related to the initial data:
It follows then from (26) and (27) that
There are also four terms in B 2 (t):
(29)
Since we have 2t + 1 − τ ≥ t + 1 for 0 ≤ τ ≤ t, by Hölder inequality and Yong inequality we get
in which we used the variable transformation x = 2 √ 2t + 1 − τ y in the third inequality of (31). By a similar way to that of B 22 , we have
By combining (30)-(32) we get
which together with (28) gives
where C 0 > 0 is a constant depending only on (π, n). By (22)- (23) and (34) we get
where C 1 > 0 is a constant depending only on n as it comes from (22).
Setting
4(2t+1) g(x)dx and I(t) = C 0 (t + 1)
Multiplying (35) with e t and then integrating it over [0, t], we have
We claim that
for some constant C 2 > 0 depending only on (f, g, n) and t large enough. Actually, since we assume that the initial data f (x), g(x) ∈ L 2 (R n ) and have compact support, we have f (x), g(x) ∈ L 1 (R n ). So by the dominated convergence theorem we have
and then there exists t 1 = t 1 (n, f, g) independent of ε, such that
Let
Setting t 3 = max{t 1 , t 2 }, since H(t) is continuous and has a limit as t → ∞, H(t) is bounded over [0, ∞), and then we may set
On the other hand, it is easy to get
Hence, if t ≥ t 4 = ln 2 + 8MH H0 +
8C0
H0 ε −1 + t 3 , then we get
which proves (37). With this claim in mind, it is easy to get from (36) that
which can be rewritten as 
where C 5 := (C 4 ) −p and
Setting β(t) = e t γ(t) and plugging it into (50), we get
Then, setting γ(t) = ε + γ(t) = ε + e −t β(t) = ε + e 
it follows from (51) that
We have Lemma 3.1 (Theorem 3.1 of Li and Zhou [5] ). Suppose that I(t) satisfies
where α > 0. Then, when 0 ≤ β ≤ 1, I = I(t) must blow up in a finite time.
Moreover, if I(0) = ε, where ε > 0 is a small parameter, then the lifespan T (ε)
of I = I(t) has the following upper bound:
where a and b are positive constants independent of ε.
Applying Lemma 3.1 to I(t) = γ(t) with p = 1 + α = 1 + 2 n and taking β = 1 and the initial time t = t 0 , we then get the desired sharp upper bound of the lifespan given in Theorem 1.2.
